A number of factors that influence spectral position of the femtosecond pulse in a Kerr-lens 
INTRODUCTION
A rapid progress in Kerr-lens mode-locking technique allows to reach 14 and 12-fs pulse durations in Cr:LiSGaF and Cr:LiSAF lasers, respectively •1,2 These active media are attractive due to possibilities of sub-20 fs pulse generation directly from the diode-pumped laser. At the same time, the lasers demonstrate a significant Stokes shift of the pulse spectrum at such short pulsewidths 3, 4, 1 This shift decreases the accessible bandwidth due to the worse overlap of the gain and the pulse spectra, thus setting a limit to pulse duration .' Therefore, investigation of the nature of the ultrashort pulse spectrum transformation has not only academic but also practical significance.
A number of explanations for the ultrashort pulse spectrum shift in mode-locked lasers have been suggested. For example, it was supposed, that due to the high-order dispersions the spectral region of negative group-delay dispersion, which is optimal for pulse formation, may be displaced . However in the framework of the perturbation theory the third-order dispersion does not contribute to the pulse carrier frequency, but results in spectrum asymmetry and fragmentation 6 Only in the case of the non-steady-state operation there is a possibility for the strong dynamic frequency shift .
A more realistic explanation of the frequency shift takes into account frequency filtering due to reabsorption in the gain medium 2 However, as it will be shown below, this explanation can not explain the dependence of the frequency shift on the pulse energy. Moreover, such dependence suggests that a nonlinear mechanism is involved in the frequency shift.
As it was shown in Ref In this work we performed a numerical analysis of the spectral characteristics of ultrashort pulses on the basis of a relatively simple model of the Kerr-lens mode locking (KLM). The main advantages of our model is taking into consideration of the high-order dispersion, exact profiles of the loss and gain bands, frequency dependent reabsorption in the active medium, gain saturation and fast absorber action of the Kerr- (Fig. 1 ). Fig. 4 shows normalized output spectra at different pulse peak power, demonstrating the spectral shift. Similar spectral behaviour has been observed also in Cr:LiSAF oscillators. However, for the sake of simplicity we provide experimental data and perform simulations on Cr:LiSGaF only.
The Raman gain spectrum of undoped LiSGaF crystal has been measured according to the procedure described in
Ref.,9 using the orientated crystalline quartz as a reference, and taking into account the thermal phonon population factor. The spectrum (see Fig. 5 the cavity configuration, which is a common procedure for Kerr-lens mode-locking experiment.
Another fundamental factor in our model is the presence of high-order dispersions due to the active medium, the dispersion compensator, the output coupler, and high-reflective mirrors. The corresponding experimental characteristics are shown in Fig. 2 . For the numerical calculations, the data were represented by the eighth-order polynomial approximation. The action of dispersion can thus be presented in the following form:
where w is the frequency, G(t -t') is the Green's function depending on the dispersion coefficients D3 up to eighth order of j.
The next important factor in our model is the gain saturation that was described on the basis of quasi-two level scheme of the active medium operation 12: The output spectra of modelocked Cr:LiSGaF laser, with changing intracavity pulse peak power (bottom spectrum corresponds to the lowest peak power, top spectrum -to the highest peak power). 
i>.Qjas, (6) = pjapa, (7) where c is the longitudinal coordinate (pulse propagation axis) inside the active medium, a,8 are the amplitudes of the "pump" and the "Stokes" components within generation spectrum, are the phonon resonance frequencies ( j = 1, 2, 3 corresponding to the three Raman-active phonon resonances in LiSGaF, see Fig. 5 ). T3 
a(z+1,t)=a(z',t)exp (-2 _iIa(zI,t)I2,
where r = t9/(E3fl) = 0.00079 is the normalized gain saturation parameter. The Green's functions A, L, C describe spectral bands of gain, reabsorption and output loss, respectively (note, that the dispersion is already is included in
Here, 4a, r, out are the "form-factors" describing spectral profiles of the gain, reabsorption and the output coupler bands, which resulted from the functional approximation of the experimental data (Fig. 3) .
The system (3) has to be completed by the system (3) and the result can be solved on the basis of numerical simulation in Fourier domain and split-step method for nonlinear propagation. The discrete-element approach is based on the element-to-element simulation of the pulse propagation through the cavity on every round-trip, following the laser scheme in Fig. 1 . The nonlinear and spectral characteristics of each laser element are considered separately. Further refinement of the simulation is achieved by considering the pulse propagation through active medium by splitting it into five slices and applying the split-step procedure to each slice consecutively.
DISCUSSION
Our simulations are aimed at investigation of the influence of the different factors on spectral characteristics of the ultrashort pulses Therefore, to simplify the interpretation, we will first consider the high-order dispersion action without Raman scattering and without reabsorption; then reabsorption and Raman scattering will be taken into consideration without high-order dispersion action; and finally, the join action of all factors will be analyzed. To conclude, we will also compare the obtained results with the calculation based on the discreet-element model.
High-order dispersion action
As it was discussed in ,6 small contribution of third-order dispersion to characteristics of Schrödinger soliton does not cause the frequency shift, but introduces additional field time delay on the cavity round-trip. However, the influence of the linear and nonlinear dissipative terms in Eqs. (3) can destroy the soliton character of the pulse, in particular, it can add the chirp. The latter, as it was shown in results in the frequency shift of the pulse spectrum in the non-steady-state regime. Additionally, in the real-world laser systems the contribution of the high-order dispersions, as a rule, lies beyond the bounds of the perturbation theory validity.
The typical net-dispersion curves corresponding to the experiment with the chirped mirrors are presented in Fig. 6, a. Over the full spectral region of generation the pulse undergoes the non-negligible influence of the dispersion up to the eighth-order (see Eq. (2)). As a rule, there is the closed spectral window of dispersion, which is "optimal" for steady-state pulse generation. The contribution of the high-order dispersion terms can shift this window. In Fig. 6 , a, this shift corresponds to the red-shift of the positive net-dispersion branches (transition from solid to dash and dot curves). The resulting output spectra obtained from the distributed model are shown in Fig. 6 , b. The net-dispersion shift is accompanied by the red-shift of the pulse spectrum (transition from solid to dash and dot curves). Besides this effect there is the possibility of the essential spectral profile distortion (solid curve) and side-band generation (side-bands lie outside the of shown region) .' However, we cannot consider this shift as the cause of the experimentally observed effect because the dispersion shift has the linear nature, i. e. there is no obvious dependence of this shift on the field energy. This is demonstrated by Fig. 7 , where the pulse energy variation due to the pump variation changes the spectral profile, but does not cause any noticeable frequency shift (compare solid and dash curves in this figure) .
The obtained results demonstrate that the self-frequency shift cannot be caused by the non-dissipative factors. As the pulse duration is too large for the nonlinear dispersion to play any significant role, we will concentrate on spectrally-dependent losses and Raman effect. 
Output loss and reabsorption in gain medium
As mentioned above, dependence of the frequency shift on pulse energy implies the involvement of some nonlinear mechanism. Since in the real-world systems the gain band does not coincide with filtering band (output mirror in our case) and the reabsorption band, the spectral position of the net-gain maximum changes with the gain value.
The latter is defined by the pump and by the pulse energy (see Eqs. (3)): pulses with higher energy experience lower gain due to the multi-pass saturation. The dependence of the net-gain maximum on the saturated steady-state gain coefficient a is shown in Fig. 8 by the solid curve. This curve was obtained from the numerical analysis of the measured spectrum of the output coupler, intracavity loss and gain profiles. As we can see from this figure, the behavior of the net-gain maximum corresponds to the Stokes frequency shift with the pulse energy growth, due to the gain coefficient decrease. However, the magnitude of this shift (rs 10 nm) is not sufficient to explain the experimental values (up to 50 nm). Besides that, the location of the pulse spectrum in general does not coincide with the net-gain maximum.
To check the last thesis we performed numerical simulations on the basis of the described above model in the presence of dissipative factors only. The results are presented in Fig. 8 by the dashed lines ABCD and EFGH. The letters alongside of squares, circles and triangles denote the intracavity pulse energy obtained from the numerical simulation (see Table 3 ). The pulse energy variation results from the change of modulation parameter a, i.e. due to the change of the cavity configuration.
The curve ABCD illustrates the case when there is no reabsorption and Raman scattering in the active medium. Fig. 6, b) . The long-wavelength "shoulder" of the spectrum in the case of the net dispersion corresponding to solid curve in Fig. 6 a is somewhat stronger than in the distributed model. This is because this "shoulder" results from local dispersion maximum due to the chirped mirror (CM1 on Fig. 1 
